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Abstract

A combination of Hong-Ou-Mandel and Mach-Zehnder interferometers is

analysed as an instrument for simultaneous measurement of phase and

group velocities of single photons. A Fisher information analysis based

approach is adopted to investigate the potential for high precision

measurements using a maximum-likelihood estimator.

It is found that the Fisher information functions for the phase and group

velocities themselves are dependent on the values of these velocities,

indicating that prior information about these values is needed. Therefore

other measurement protocols need to be investigated.

Motivation

This project is a continuation of the research conducted by the research groups led by Dr. Erik

Gauger and Dr. Jonathan Leach at Heriot-Watt university. Recently they have shown that

adopting the statistical estimation theory approach of maximizing the Fisher information and

using a maximum-likelihood estimator can yield measurement results that have significantly

improved precision compared to traditional estimation techniques such as graph fitting [1].

So far this approach has been used for single parameter estimation. This project aims to expand

our understanding by investigating the application of these mathematical tools in experiments

where one performs a simultaneous measurement of two parameters.

Hong-Ou-Mandel Interference

When two photons enter a 50:50 beamsplitter (BS) there are 4 possible events that can occur (Fig. 1). Each

photon can get transmitted or reflected. The two photons can be distinguishable in different ways, such as

polarization, frequency, arrival time at beamsplitter, etc. Events 2 and 3 depicted in Fig. 1 are called

coincidence events. The Hong-Ou-Mandel (HOM) effect is characterised by the reduction in the rate of

observed coincidence events as all distinguishable information between the photons is erased. If the two

photons are completely indistinguishable then it is observed that events 2 and 3 never occur.

This is a two-photon interference effect that was first demonstrated in 1987 by the physicists Chung Ki Hong,

Zheyu Ou and Leonard Mandel [2]. It is the simplest quantum mechanical effect that cannot be explained by

classical physics as it relies on the existence of photons and the concept of quantization of energy.

Figure 1. All possible events for two photons incident at different
input ports of a 50:50 beamsplitter.



HOM Interferometer

We can use the HOM effect to measure time delay. If the

photons are indistinguishable in all aspects except

arrival time at the beamsplitter, we can measure that

time difference by delaying the faster photon in a

controlled manner until we observe the maximum

reduction in the rate of coincidences (Fig. 2).

The Mach-Zehnder Interferometer

A Mach-Zehnder (MZ) interferometer is depicted in Fig. 3. Single photons from a source are incident on a 50:50 BS.

The photon probability amplitude is split along two paths of different length by the BS. Because of that length

difference the two components acquire different phase and interfere upon recombination at the second BS. A

graph of the variable rate of detection for the green detector is observed by scanning over the length difference

𝑳𝟏 − 𝑳𝟎 . This instrument is called the Mach-Zehnder (MZ) interferometer and it is sensitive to the difference in

phase contribution between the two arms 𝑳𝟎 and 𝑳𝟏.

Figure 2. HOM interferometer setup on the left
(green depicts detectors). Observed coincidence
rate as one of the photons is delayed on the right.

Figure 3. MZ interferometer
with green detector
detection rate.

Phase and Group Velocities

A photon particle is a wavepacket (Fig. 4) which is a sum of waveforms of different frequencies such as sine

waves. To obtain a strongly localized wavepacket one needs a superposition of many waves with different

frequencies.

Figure 4. A localized photon wavepacket
obtained from combining sine waves with
different frequencies.

The phase velocity 𝒗𝒑 of a photon can be thought of as the velocity of

the central frequency component of the wavepacket:

𝒗𝒑 =
𝝎

𝒌

The group velocity 𝒗𝒈 of a photon describes the velocity of the

envelope of frequencies and is defined as:

𝒗𝒈 =
𝝏𝝎

𝝏𝒌

The Hypothesis

HOM is sensitive to group velocity and MZ is sensitive

to phase velocity. The hypothesis is that combining

these two interferometers (Fig. 5) would allow one to

measure both of these parameters simultaneously and

more efficiently.

Figure 5. Nested interferometer.



Fisher Information

The Fisher information (FI) is a mathematical quantity

that is used to locate the coordinates where the data

gathered for a measurement of a parameter contains

most information per data point. The FI for a parameter

𝜽 is defined as:

𝑭𝜽 =

𝒌

𝝏𝜽𝑷 𝒌|𝜽 𝟐

𝑷 𝒌|𝜽
,

where 𝒌 is an event that can be observed from an

experiment. To estimate 𝜽 we need an estimator 𝜽. In

this project we used a maximum-likelihood estimator

(MLE). The MLE is asymptotically unbiased, which

means it becomes increasingly accurate as the number

of independent data points gathered increases. The

precision of any unbiased estimator is bounded below

by the Cramér–Rao lower bound [3]:

Var(𝜽) ≥
𝟏

𝑵𝑭
,

where 𝑭 is the FI for the parameter 𝜽 and 𝑵 is the

number of independent data points. Maximizing FI

maximizes the precision of measurement.

Fisher Information Estimations

The mathematical formula for FI was derived by hand and the Python module SageMath was used to plot the FI

with respect to variables 𝜹 =
𝑳𝟎−𝑳𝟏

𝟐
; ∆=

𝑳𝟎+𝑳𝟏

𝟐
− 𝑳𝟐 , where 𝑳𝟎, 𝑳𝟏, 𝑳𝟐 are the arm lengths of the nested

interferometer in Fig. 5. The plots are shown in Fig. 6. The Fi for 𝒗𝒈 has well defined maxima. Unfortunately, the FI

for 𝒗𝒑 exhibits a very complicated behavior with frequent oscillations from a maximum to a minimum. To perform

measurements on 𝒗𝒑 requires a degree of stability in the experimental setup, which is impossible to achieve.

Discussion and Conclusion

The Fisher information expressions for 𝒗𝒑 and 𝒗𝒈 appear to attain their maximum values at the same coordinates

(Fig. 6). This needs to be further investigated for different values of 𝒗𝒑 and 𝒗𝒈. It was also discovered that the FI

itself depends on 𝒗𝒑 and 𝒗𝒈. This complicates matters additionally since one cannot scan over a range of values of

𝒗𝒑 and 𝒗𝒈 as they are constants for the given experimental setup. To perform a simultaneous measurement of

phase and group velocities one requires prior information about those values. This insight indicates that Bayesian-

like protocols could be useful. The development of such adaptive protocols is a future challenge for the project.

Figure 6. FI plots for phase
and group velocities. The
numerical values are a
result of using specific
values for the parameters
that are part of the FI
formula.
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