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Statement of the Problem

I The problem of solving for the motion of three gravitationally inter-
acting point masses {mi} given their initial positions {ri} and veloc-
ities {vi}. No general solution exists, and trajectories resulting from
different initial conditions must be investigated numerically.

I General expression in terms of the Newtonian force function U :

mi
d2ri
dt2

=
@U

@ri
where U =

X

i 6=j

Gmimj

||rj � ri||
, i = 1, 2, 3. (1)

I Pythagorean configuration: masses {3, 4, 5} initially at rest at the
vertices of a right triangle with sides {3, 4, 5} (Fig. 1). For the main
project, we considered the equal-mass case in which all three masses
mi = 0.5 and set the gravitational constant G = 1, following De-
jonghe and Hut [1].

I All numerical integrations were performed using a Python imple-
mentation of the time-transformed leapfrog (TTL) algorithm of
Mikkola and Tanikawa [2]. The accuracy of the method was verified
through comparison with the machine-precision integrator IAS15 in-
cluded in REBOUND [3].

Fig. 1: Trajectories of the Pythagorean problem in position space. After a series of close encounters
and long excursions, the lightest body (red) is ejected while the other two form a tight binary.



Exponential Divergence

I The system is chaotic in that trajectories separated by an ini-

tial deviation �0 in either position or velocity coordinates

will diverge at an exponential rate. The phase space sepa-
ration between two trajectories is given by:

�(t) =
s X

i=1,2,3

�
||ri � r0i||2 + ||vi � v0i||2

�
. (1)

I While the onset of exponential divergence can be associated

with separatrix crossings, the physical origin of ’plateaux’

and ’transitions’ in the divergence rate (Fig. 2) is currently

less well understood [4]. The aim of the project was to inves-

tigate the role of long excursions in the onset of chaos.

Fig. 2: The divergence between two solutions to the equal-mass Pythagorean problem with

an initial separation �0 = 1 ⇥ 10�10
. The black line corresponds to the total phase

space divergence, whereas the coloured ones (matching Fig. 1) represent the diver-

gence between each body and its counterpart in the perturbed solution.

Fig. 3: The state of the three-body system

may be represented in terms of the

Jacobi coordinates {r,R} where R is

the separation between the two bod-

ies forming a temporary binary and

r is the separation between the third

(ejected) body and the centre of mass

of the binary. The effective two-body

approximation is valid when the ratio

of the Jacobi coordinates r/R � 1.

Two-body Approximation

I During long excursions of a single body around a temporary binary, the

three-body system may be effectively treated as a two-body Kepler prob-
lem (Fig. 3) with the conserved quantities (constants of motion):

Specific Orbital Energy Eorb =
v2

2
� µ

r
where µ = G

X

i

mi (2)

Specific Angular Momentum h = r ⇥ v. (3)

I The motion of the ejected body is described by parametric equations of the

form (here listed only for the elliptic case when Eorb < 0):

Orbital Radius (elliptic) r = a[1� e cosE] (4)

Orbital Speed (elliptic) v =
p
2|Eorb|

r
1 + e cosE

1� e cosE
(5)

Time (elliptic) t =
ap

2|Eorb|
[E � e sinE] (6)

where a and e are constants expressible in terms of Eorb and h = |h|, and

E 2 [0, 2⇡] is an angle used as an independent variable [5].



Keplerian Divergence Model

I By differentiating all expressions of the form Eq. 4–5 with respect to the
conserved quantities, we obtain parametric equations describing how
initial deviations �Eorb and �h affect the growth of deviations in position
and velocity, �r and �v, in two-body motion, i.e. during an excursion.

I Identifying long excursions in the three-body lifetime using the ratio of
the Jacobi coordinates r/R (Fig. 3), we attempt a piecewise reconstruc-
tion of the divergence:

1. Translate initial phase space separation �i into �Eorb and �h using
quantities hri and hvi averaged over the duration of the excursion.

2. Evaluate �r(E, �Eorb, �h) and �v(E, �Eorb, �h) for E 2 [0, 2⇡] to obtain
�i+1, the phase space separation at the end of the excursion.

I The model reproduces the three-body divergence to an order of mag-
nitude (Fig. 4), suggesting that long excursions play a central part in the
onset of chaos.

Fig. 4: The average phase space divergence between the unperturbed Pythagorean solution and an en-
semble of 12 perturbed solutions with �0 = 1 ⇥ 10�10 (black). Applying the Keplerian model to
the unperturbed solution reproduces the overall shape and magnitude of the divergence (green).

Significance and Further Work

This project lays the groundwork for understanding how linear
growth factors from Keplerian excursions can lead to the onset of
exponential divergence.

Current avenues for further research include:

I The development of a more reliable method for identifying ex-
cursions in the three-body lifetime, in particular the precise start
and end points.

I Application of the Keplerian divergence model to other three-
body systems, starting with the Pythagorean problem with
masses {3, 4, 5}.

I Statistical classification of long excursions based on their orbital
parameters and associated divergence rate, with a potential con-
nection to Szebehely’s classification of planar three-body mo-
tions [6].
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